In this paper we explore some results concerning the spread of the line and the total graph of a given graph. In particular, it is proved that for an (n, m) connected graph G with m > n ≥ 4 the spread of G is less than or equal to the spread of its line graph, where the equality holds if and only if G is regular bipartite. A sufficient condition for the spread of the graph not be greater than the signless Laplacian spread for a class of non bipartite and non regular graphs is proved. Additionally, we derive an upper bound for * Corresponding author
Introduction
Let G be a simple undirected graph with vertex set V (G) of cardinality n and edge set E (G) of cardinality m. We say that G is an (n, m) graph. After the labeling of vertices, a vertex is named by its label and an edge with end vertices i and j is denoted by ij. The number of adjacent vertices to i is called the degree of i and is denoted by d G (i) (or simply d(i)). A graph G is called r-regular if each vertex has degree r. For a finite set U, |U| denotes its cardinality. If U ⊆ V (G), G − U denotes the subgraph of G induced by V (G)\U. The diameter of a connected graph G is the maximum distance between two vertices of G and it will be denoted by diam(T ). For two disjoint graphs G 1 and G 2 , the join of G 1 and G 2 is the graph G 1 ∨ G 2 obtained from their union including all edges between the vertices in G 1 and the vertices in G 2 . The adjacency matrix, Laplacian matrix and signless Laplacian matrix associated with a graph G is denoted by A(G), L(G) = D(G) − A(G) and Q(G) = D(G) + A(G), respectively, where D(G) is the diagonal matrix of vertex degrees. The eigenvalues of a graph G are the eigenvalues of its adjacency matrix, denoted by λ i = λ i (G) and ordered in nonincreasing way as λ 1 ≥ . . . ≥ λ n . Moreover, the eigenvalues of L(G) and Q(G) are also ordered in nonincreasing way as follows µ 1 ≥ . . . ≥ µ n−1 ≥ µ n = 0, and q 1 ≥ . . . ≥ q n , respectively. These are called Laplacian eigenvalues and signless Laplacian eigenvalues of G, respectively. Recall that 0 is always a Laplacian eigenvalue and its multiplicity is the number of connected components of G. The multiplicity of 0 as a signless Laplacian eigenvalue of a graph G without isolated vertices corresponds to the number of bipartite components of G, see e.g. [4] . The spectra of Q (G) and L (G) coincide if and only if G is a bipartite graph, see e.g. [5, 13, 14] . In this work, K n and C n denote the complete graph and the cycle of order n, respectively. Moreover, I m denotes the identity matrix of order m and, for a matrix A, A t denotes its transpose. The line graph L(G) is the graph whose vertex set are the edges in G, where two vertices are adjacent if the corresponding edges in G have a common vertex. The total graph T (G) is the graph whose vertex set corresponds to the vertices of G ∪ L(G) and two vertices are adjacent in T (G) if their corresponding elements are either adjacent in G ∪ L(G) or incident in G. In [3] the author presented a characterization of the structure of regular total graphs as well as other properties. In [2] it were considered non regular graphs and presented a method that enables to determine whether a graph is total or not. Moreover, a relationship between the spectra of a regular graph and its total graph was presented by Cvetković in [8] . Many graph theoretical parameters have been used to describe the stability of communication networks. Tenacity is one of these parameters, which shows not only the difficulty to break down the network but also the damage that has been caused. Total graphs are the largest graphs formed by the adjacent relations of elements of a given graph. Thus, total graphs are highly recommended for the design of interconnection networks. For instance, in [23] the authors determine the tenacity of the total graph of a path, cycle and complete bipartite graph, and thus give a lower bound of the tenacity for the total graph of a graph. It is also worth to recall that total graphs are generalizations of line graphs.
The paper is organized as follows. In Section 2 the definitions of spread, Laplacian spread, signless Laplacian spread and the spread of the line graph are presented. An upper bound for the spread of the line graph is obtained. In Section 3, relations among the spread of the line graph and the signless Laplacian spread are given. Additionally, relations between the previous spreads and the spread of a graph are studied. Furthermore, a sufficient condition for the spread of a graph to be not greater the spread of the signless Laplacian spread for a class of non bipartite and non regular graphs is proved. Moreover, it is derived an upper bound for the spread of the line graph of graphs with n vertices having a vertex (edge) connectivity less than or equal to k. This bound is attained if and only if
, where K k is the complete graph of order k. In Section 4, using the Laplacian and signless Laplacian matrices of the total graph of a connected graph and applying the interlacing of eigenvalues, due to Haemers [16] , we obtain lower bounds for the spread, signless Laplacian spread and Laplacian spread of total graphs. Moreover, in the case of a regular graph G we present an upper and lower bound for the spread of the total graph associated to G.
Preliminaries
In this section, we list some of the definitions of different spreads and previously known results that will be needed throughout the paper.
It is known that the matrices Q(G) and 2I m + A(L(G)) share the same nonzero eigenvalues [17] . As a consequence, we have the following result.
Lemma 1.
[4] Let G be an (n, m) graph with m ≥ 1 edges. Let q i be the ith greatest signless Laplacian eigenvalue of G and λ i (L(G)) the i-th greatest eigenvalue of its line graph L(G). Then
The Zagreb index of G, Z g (G), (see [15] ), is defined as
Lemma 2.
[17] If G is a graph with m edges, then the number of edges of L(G) is given by
The spread of an n × n complex Hermitian matrix M with eigenvalues
where the maximum is taken over all pairs of distinct eigenvalues of M.
The spread of the graph G, [12] , with eigenvalues λ 1 ≥ . . . ≥ λ n is defined as the spread of its adjacency matrix, that is:
Let K a,b be the complete bipartite graph where the bipartition of its vertex set has a vertices in one subset and b vertices in the other. The next result can be seen in [12] .
Equality holds throughout if and only if equality holds in the first inequality; equivalently, if and only if m = 0 or G = K a,b , for some a, b with m = ab and a + b ≤ n.
The signless Laplacian spread or Q-spread of G is defined in [19] by
where q 1 ≥ q 2 ≥ . . . ≥ q n are the signless Laplacian eigenvalues of G. Some results on the Q-spread of a graph can be found for instance in Liu and Liu [19] and Oliveira et al. [20] .
As µ n is always zero, the Laplacian spread of G is defined in a slightly different way, see e.g., [10] ,
where
Attending to the relation between the signless Laplacian eigenvalues and the eigenvalues of L presented in Lemma 1, from Lemmas 2, and 3 the following upper bound is a simple consequence:
In the next section it will be proved that S(G) ≤ S L (G) for some (n, m) connected graphs.
Bounds for the spread of the line graph and comparisons
Some results concerning the spread of line graphs can be derived from the previous section and are presented here. Moreover, it is proved in this section that for an (n, m) connected graph with m > n ≥ 4, the spread of G is a lower bound for the spread of its line graph, where the equality between both spreads holds if and only if G is a regular bipartite graph. Additionally, an upper bound for the spread of the line graph of G in terms of its vertex connectivity is presented. Besides that, considering the family of connected graphs with vertex (edge) connectivity at most k, with k > 0, it is characterized the graph that attains the maximum spread of its line graph. Next Lemma gives relations between S Q (G) and S L (G). It is a direct consequence of Lemma 1.
with equality if and only if G
has a bipartite component.
Remark 5. If G is a connected graph and m < n then G is a tree. Recall that G is bipartite and its signless Laplacian spectrum coincide with its
The following remark relates S(G) and S Q (G), and appears in [21] .
Remark 6. If G is a regular graph then S (G) = S Q (G). In the general case, these invariants are incomparable. The computational results based on graphs with a small number of vertices show that we often have S (G) < S Q (G).
In this work we will prove that S (G) ≤ S Q (G) in some cases.
if and only if G is a regular bipartite graph.
Proof. In [1] it was established that S(G) ≤ q 1 with equality if and only if G is bipartite and regular. Thus, for m > n, S L (G) = q 1 ≥ S(G) with equality if and only if G is a regular bipartite graph.
When G is a unicyclic graph with an odd cycle the partial result at Theorem 11 is proved. Before proceeding to the proof of Theorem 11 we need some previous results. Let T be a tree. The second smallest Laplacian eigenvalue of T is referred as the algebraic connectivity of T , and denoted by a(T ). Grone et al., in [14] proved that a (T ) ≤ 0.49 holds for any tree T with at least six vertices. Moreover, the same authors obtained an upper bound for the algebraic connectivity of a tree in function
On the other hand, the following result is in [5] .
Recall that the girth of a graph G is the length of a shortest cycle in G.
Theorem 9.
[5] Let e be an edge of the graph G. Let q 1 , . . . , q n and s 1 , . . . , s n be the signless Laplacian eigenvalues of G and of G − e , respectively. Then
Lemma 10. [7, 9] Let G be a graph with n vertices. Then
where λ 1 is the spectral radius of G. The equality holds if and only if G is regular.
Theorem 11. Let G be a connected unicyclic graph with odd girth g and whose maximum diameter among the induced trees of G is h. Let λ 1 (G) and λ n (G) be the largest and smallest eigenvalue of G, respectively. If
Proof. Note that the girth of G corresponds, in this case, to the number of vertices of the induced cycle of G. If G is a cycle then G is regular. Then, S (G) = S Q (G) . From Lemma 4(1) the relation in (10) holds in the equality. If G is not a cycle let us consider T as an induced tree of G such that diam (T ) = h. Consider v as the vertex within the cycle of G which is the root vertex of T . Let w be a vertex within the cycle of G placed at the end of the path of length
+ h (see Figure 1) . Let q 1 , . . . , q n and s 1 , . . . , s n be the signless Laplacian eigenvalues of G and of G − e, respectively. By (7) one can see that
From (8), (9) and (11) we have
But this means that
Hence, by Lemma 4(1) again, the relation in (10) holds.
Corollary 12. If G is a graph under the conditions of Theorem 11, then
The next example illustrates the previous theorem.
Example 13. For the graph G depicted in the Figure 1 , we have In what follows it is characterized the graph with maximum spread of its line graph, into the family of connected graphs with vertex (edge) connectivity at most k, where k is a given positive integer. Some preliminary results are previously presented.
In [6, Theorem 5] , the spectrum of the adjacency matrix of the H-join of regular graphs is obtained. Consider the graph K i ∨ (K k ∪ K n−k−i ). As this graph can be seen as the P 3 -join of the family of graphs {K i , K k , K n−k−i }, from [6, Theorem 5], Corollary 14 below is immediate.
Corollary 14. The eigenvalues of the line graph of
both with multiplicity 1 and
with multiplicities k, i − 1, n − k − i − 1 and m − n, respectively.
The following result is a direct consequence of Corollary 14 and (4).
Proposition 15.
It is known that the spectral radius of a nonnegative irreducible matrix increases if any of its entries increases. From this fact, we have the following result.
Lemma 16. Let G be a connected graph then
where G + e denotes the graph that results from G adding an edge e.
From Lemma 16 above the following result is immediate.
Lemma 17. Let G be a connected graph. Then
The following result is a direct consequence of Cauchy's Interlacing Theorem [18] , and Lemma 17.
Theorem 18. Let G be a connected graph. Then
The vertex connectivity (or just connectivity) of a graph G, denoted by κ (G), is the minimum number of vertices of G whose deletion disconnects G. Let F n be the family of connected graphs on n vertices. Let
The following result characterizes the graph with maximum spread of its line graph into the family of connected graphs with vertex connectivity at most k, where k is a given positive integer.
with equality if and only if
n be such that L(G) has the largest spread among all the graphs L(H) with H ∈ V k n . Let U ⊂ V (G), such that |U| ≤ k and G − U is a disconnected graph. Let X 1 , X 2 , . . . , X l , be the connected components of G − U. We claim that l = 2. If l > 2 then we can construct a graph H = G + e where e is an edge connecting a vertex in X 1 with a vertex in X 2 . Clearly, H ∈ V k n . By Theorem 18, S L (G) < S L (H), which is a contradiction. Therefore l = 2, that is, G−U = X 1 ∪X 2 . Recall that |U| ≤ k. Now, we claim that |U| = k. Suppose |U| < k, then we construct a graph H = G + e where e is an edge joining a vertex u ∈ V (X 1 ) with a vertex v ∈ V (X 2 ). We see that H − U is a connected graph and the deletion of the vertex u disconnects H − U. This tells us that
We claim that repeated applications of Theorem 18 enable us to write
⌋. In fact, this means that if Y 3 is the induced subgraph of G obtained from the vertices in U then, there would be an edge
Therefore, it is possible to construct a new graph H = G + e. Clearly,
We now search for a value of i for which S L (G(i)) is maximum.
From Theorem 15, it is obtained
Define the function,
We recall now the definition of edge-connectivity of G, denoted here by ε(G), as the minimum number of edges whose deletion disconnects G. Note also that in graphs that represent communication or transportation networks, the edge-connectivity is an important measure of reliability. It is well known that κ(G) ≤ ε(G) ≤ δ(G) , where δ(G) denotes the minimum degree of G, see [17, 22] .
From this, and the fact that
have minimum degree k. Then, attending to Theorem 19, we can also obtain the following result.
Lower bounds for different spreads of total graphs
In this section we present some lower bounds for different spreads of total graphs. The tools used here were the interlacing eigenvalues [16, p. 594 ] and the definition of equitable partitions that we recall below.
and suppose that M ij = M t ji , for all (i, j). We consider the partitioning of the n × n symmetric matrix into blocks
Let us denote by J pq the all ones matrix of order p × q and simply by J p the all ones vector of order p × 1. The quotient matrix M = (m ij ) of M is the k × k matrix whose (i, j)-entry is the average of the row sums of M ij . More precisely
The partitioning into blocks of M is called regular (or equitable) if each block M ij of M has constant row sum. Note that in this case M corresponds to the row sums matrix. According to [16] , if M is regular, then all the eigenvalues of M are eigenvalues of M. Let G be an (n, m) graph. We recall that the incidence matrix of a graph H is a matrix R whose rows and columns are indexed by the vertices and edges of H, respectively. The (i, j)-entry of R is r ij = 0 if i is not incident with j and r ij = 1 if j is incident with i.
The adjacency matrix of T (G) is given by
where R is the incidence matrix of G.
Directly from the definition, we conclude that for u ∈ V (T (G))
.
Hence, the diagonal matrix of vertex degrees of T (G) is
Remark 23. Let δ(G) and ∆(G) the minimum and maximum vertex degree of a graph G, respectively. It is immediate that
Now a lower bound for the signless Laplacian spread of total graphs is presented.
Theorem 24. Let G be an (n, m) connected graph. Then,
Proof. Applying Theorem 22 to the signless Laplacian matrix, Q (T (G))
Thus, the quotient matrix of Q (T (G)) becomes 
Solving this equation, we have
Therefore,
Recalling from (1) the number of edges of the line graph of a graph G with n vertices and m edges, the result follows.
Moreover, the following lower bound for the spread of total graphs is obtained.
Theorem 25. Let G be a connected graph on n vertices and m edges. Then
Proof. The quotient matrix of A (T (G)) is given by
Solving the equation, we have
Theorem 26. Let G be a connected graph on n vertices, m edges and smallest degree δ. Then,
Proof. Applying Theorem 22 to the Laplacian matrix L (T (G)) partitioned as in (18), the quotient matrix becomes
By interlacing of the eigenvalues, [16, p. 154 ],
It is known that (see [11] ), if H is a non-complete graph,
Therefore, using the previous inequality with T (G) instead of H and recalling Remark 23 the result follows.
Bounds for the spread of the total graph of a regular graph
In this section we present a lower and upper bound for the spread of the total graph of a regular graph. These bounds are obtained in function of the spread of the graph.
For an r-regular graph G, in 1973, Cvetković [8] , obtained the following result.
Theorem 27. [8] Let G be a regular graph of order n and degree r with eigenvalues λ 1 ≥ · · · ≥ λ n .
Then the eigenvalues of T (G) are 2λ i + r − 2 ± √ 4λ i + r 2 + 4 2 , i = 1, . . . , n, with multiplicity one and −2 with multiplicity n(r − 2) 2 .
Let n ≥ 2. It is well known that if λ n (G) is the smallest eigenvalue of a connected graph G then λ n (G) ≤ −1.
The following result identifies the smallest eigenvalue of the total graph of a regular graph with n vertices and vertex degree r.
Lemma 28. Let G be a connected regular graph of order n and degree r, r ≥ 3. Then λ n(r+2) 2 (T (G)) = 2λ n + r − 2 − √ 4λ n + r 2 + 4 2 where λ n is the smallest eigenvalue of G.
Proof. Let G be a connected regular graph of order n and degree r, r ≥ 3. Then (20) holds. By Perron-Frobenius's Theory, −r ≤ λ n .
Thus, λ
2 n + λ n (r + 1) + r ≤ 0. Now, suppose that 2λ n + r + 2 ≥ 0.
Also, 2λ n + r + 2 ≤ 4λ n + r 2 + 4.
Therefore, 2λ n + r − 2 − √ 4λ n + r 2 + 4 2 ≤ −2.
On the other hand, if 2λ n + r + 2 < 0, then 2λ n + r − 2 − √ 4λ n + r 2 + 4 2 < −2.
Since, the functions f ± (x) = 2x + r − 2 ± √ 4x + r 2 + 4 2 are strictly increasing in the interval (−r, r), the result follows. Now, if G is a regular graph then λ 1 (G) = r and λ 1 (T (G)) = 2r, and the next corollary can be obtained. 
Proof.
S (T (G)) = 2r − 2λ n + r − 2 − √ 4λ n + r 2 + 4 2 .
Since, S (T (G)) = 2S (G) + r + 2 + √ 4λ n + r 2 + 4 2 .
By (21), S (G) + 4λ n + r 2 + 4 − λ n ≥ S (T (G)) .
So, we have proven the next result.
Theorem 30. Let G be a regular graph of order n and degree r. Then 2S (G) + λ n + 2 + √ 4λ n + r 2 + 4 2 ≤ S (T (G)) ≤ S (G)+ 4λ n + r 2 + 4−λ n .
